During the civil war in 1919 the University was destroyed and in part transferred to Tomsk. Besicovitch locked books away in cellars and succeeded in preserving much of the property of the Faculty. After the liberation of Perm, the University, thanks largely to the efforts of Besicovitch and Fridman, was re-established in three faculties, physics-mathematics, medicine and agriculture. In 1920 further faculties were added.
In 1920 Besicovitch returned to Leningrad as Professor in the Pedagogical Institute and Lecturer in the University from 1920 to 1924.
He had married in 1916 a mathematician, Valentina Vietalievna, rather older than himself. Because a man of the Karaims could not marry a woman of the Orthodox religion, Besicovitch had been received into the Russian Orthodox Church. During his years at Perm he became friendly with M aria Ivanovna Denisova, the widow of a mathematician, and her two young daughters (aged five and four in 1917). They relate how he kept them alive during the years of famine [1918] [1919] ; he managed to buy half a horse which he buried in a secluded place; once a week he dug it up and cut off chunks of meat for them.
The duties of a University teacher under the regime of the early 1920s were subject to political requirements. He had to teach classes of workers who lacked the educational background to understand the lessons; this and other duties he could not refuse. Besicovitch was offered a Rockefeller Fellow ship to work abroad and applied for permission to accept this offer. Repeated efforts to obtain permission were refused and finally he made plans in 1924 to leave. In company with another mathematician, J. D. Tamarkin, he crossed the border under cover of darkness and made his way to Copenhagen, where the Rockefeller Fellowship enabled him to work for a year with Harald Bohr, who was developing the theory of almost periodic functions. Besicovitch then visited Oxford, staying for several months in New College with G. H. Hardy, who was quick to recognize his great analytical power, and secured for him a lectureship at the University of Liverpool for [1926] [1927] . He moved to Cambridge in 1927 as a University Lecturer becoming also a College Lecturer and in 1930 a Fellow of Trinity. This fellowship he retained until the end of his life.
Besicovitch's wife had remained in Russia when he left. There were no children and the marriage was eventually dissolved in 1926. He brought M aria Denisova and her children to England and in 1928 married the elder daughter, Valentina Alexandrovna, then aged 16. They had no family, and it was the children of his friends who, throughout his life, enjoyed his affection. Speaking Russian at home, Besicovitch's command of English remained stationary from his early days in Cambridge. For him the definite article was superfluous. A story is told that during one of his lectures an undergraduate tittered at some distortion of English idiom. 'Gentlemen', said Besicovitch, 'there are fifty million Englishmen speak English you speak; there are five hundred million Russians speak English I speak'. There was no further tittering.
From 1927 to 1950 Besicovitch took his share of the University lecturing for the M athematical Tripos. In most years he gave during two terms standard courses on Cours d'Analyse matter, and in another term an advanced course for graduates or for undergraduates with a flair for analysis. His advanced courses reflected his own interests in topics such as Almost Periodic Functions, Geometry of Plane Sets, Hausdorff Measure. Over many years he also maintained, for the pleasure and benefit of undergraduates, a weekly feature of 'contest problems', at the level of the Advanced Problems in the American Mathematical Monthly. The solutions submitted were carefully read and annotated by Besicovitch and the announcement 'Perfect solutions of Problem 12 were sent in by M and N ' spurred several young m athe maticians on to develop their analytical powers.
In the 1930s Besicovitch wrote many papers on the properties of plane sets of points having finite Caratheodory linear measure. He classified them into two types (1) regular sets, having many properties of rectifiable curves, (2) irregular sets, showing erratic behaviour. The first proofs of these results were long and complicated and they exemplify one of the author's aphorisms 'A m athem atician's reputation rests on his bad proofs', expressing the truth that pioneer work is often rough and the polish follows later. Some of the ensuing 'good proofs' were constructed by Besicovitch himself in subsequent papers.
Measure of fractional order in the sense of Hausdorff was a topic to which Besicovitch returned repeatedly, using the concept to refine results about sets of points and real functions. Suppose, for instance, that a ; is a number for which infinitely many rationals mjn exist differing from x by less than l In9, where q is greater than 2; then the dimensional measure of the set of x is 2 jq.
It is natural to expect that the Hausdorff two-dimensional measure of a surface is the same as its area in the Lebesgue-Frechet sense of the lower bound of approximating polyhedra. Besicovitch found in 1945 to his own surprise that the two ideas are irreconcilable. This led him to the overemphatic view that all theorems based on Lebesgue-Frechet area must be recast in terms of Hausdorff plane measure. He and his pupils embarked on an extensive investigation of parametric surfaces and minimal problems.
A more comprehensive and detailed account of Besicovitch's researches follows in the latter part of this notice. At one time or another he shed new light on many aspects of the classical theory of real functions. He was more likely than anyone else to solve a problem which had seemed intractable; commonly the solution needed, by way of proof or counter-example, an ingenious and intricate construction. This type of work was more congenial to him than the abstract developments of, for example, functional analysis.
Besicovitch guided the early research of a number of men, many of whom made their mark as analysts. The list includes H. D. Ursell, G. Walker, J. Gillis, D. R. Dickinson, I. J. Good, H. G. Eggleston, P. A. P. Moran, H. Mossaheb, E. R. Reifenberg, J. R. Ravetz, R. O. Davies, J. M. Marstrand, S. J. Taylor. One of these relates that the master would take his pupil walking while developing ideas; there would be halts to talk with young children whom they might meet; one day they stopped to talk to the cows in a field.
In 1950, on his fifty-ninth birthday, Besicovitch was elected to the Rouse Ball Chair of Mathematics, succeeding the first holder J. E. Littlewood. In my company, on his thirty-sixth birthday, thinking that the years of greatest intensity of life, physical and mental, were passing, he had said 'I have had four-fifths of my life'. Reminded of this in 1950 he sent me a postcard 'Numerator was correct'.
After his retirement from the Rouse Ball Chair in 1958, Besicovitch remained active in teaching and research and spent eight successive years as visiting professor in various universities in the U.S.A. He then returned to live in Trinity. Towards his eightieth year his health began to fail and he died on 2 November 1970.
His intellectual gifts were matched by his generous sympathy which endeared him to pupils, colleagues and a wide circle of friends. A character istic instance of his thoughtfulness was to make bequests to all the bedmakers who had looked after him during his forty years in Trinity.
He It is now time to review in detail Besicovitch's contributions to knowledge. 1 he numbers refer to the bibliography at the end. References to other writers are given in the form Littlewood (LI).
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Early work
Papers (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) 20) . 1 he papers in Russian journals were slow to reach other countries. In papers (11, 12, 15, 16 ) the Denjoy properties of derived numbers are proved more simply than by Denjoy or W. H. & G. C. Young. In (16) is the first example of a continuous function having at no point a one-sided derivative (finite or infinite)-see Pepper (PI).
The paper (5) is of great interest as being the earliest of the surprises which the author sprung on analysts. He set himself the problem :
'Given a function of two variables, Riemann integrable on a plane domain, does there always exist a pair of mutually perpendicular directions such that repeated simple integration along these two directions exists and gives the value of the integral over the dom ain?'
He showed the answer to be 'No' by constructing a set of Jordan plane measure zero which is the union of segments of all directions each of length at least 1.
We shall take up this topic later under the heading of Kakeya's problem. In (7, 20) Besicovitch established the existence for almost all values of t of the integral J x -t o This im portant integral, which first attracted the attention of Kellogg and of Hilbert in integral equations, had been discussed by a variety of methods including Fourier series and transforms (Young, Plessner, Titchmarsh) and complex variables (M. Riesz). We find in (7) an elementary proof of the existence p.p. of the principal-value integral if is T2-integrable. Titchmarsh extended this proof to //-integrable f ,for any p greater than argument for p -1 other than M. Riesz's complex-variable was dev until Besicovitch's proof in (20) which depended only on sets of points. The beautiful proofs in (7, 20) which Besicovitch, staying in Oxford, showed to H ardy made an impression on him which he often recalled in later years.
A lmost periodic functions
Besicovitch's interest in almost periodic (a.p.) functions dated from his stay with H arald Bohr in Copenhagen (1925 Copenhagen ( -1926 ). Bohr's original discus sion was confined to functions uniformly continuous in (-oo, oo).
If k is irrational, the function sin A:+sin kx is not periodic, there being no value of r for which this function f satisfies Then a function fi s defined to be almost periodic if, given e, there exists /(e) such that every interval of length / contains at least one translation number. Bohr's second fundamental result was Parseval's theorem in the form E I «. \'= M { |/M |*} and hence the uniqueness theorem that at most one almost periodic function has a given trigonometric series for its Fourier series.
With a given sequence of exponents A" it is straightforward to prove that the limit of any uniformly convergent sequence of trigonometrical poly nomials is a.p. The difficult converse of this result that an a.p. function is the uniform limit of polynomials was the third result of Bohr's original account.
At this stage the door was wide open for generalizations and many mathematicians stepped through it-Bohr and Besicovitch themselves, Stepanoff, Wiener, Weyl, de la Vallee Poussin.
The extension which first comes to mind is the replacement of the uniform metric in the last paragraph but one by a more general metric. Then corre sponding adaptations of translation numbers must be made.
Stepanoff took as metric the upper bound of 
Plane sets
In 1914 Caratheodory defined L*A, the exterior linear measure of a plane set A, to be the lower bound of the sum of the diameters of small convex sets covering A.
The set
A is called measurable if, for every set W of finite exterior measure,
L * W = L * (A W ) + Z *(JTThe measure LA is then equal to L*A.
Sets of finite linear measure form an extensive class, including rectifiable curves.
Federer in his comprehensive book Geometric measure theory remarks (page 2) that 'M uch of geometric measure theory during the first half of this century consisted of detailed studies of certain peculiar sets .... From this analysis of pathology there gradually evolved, thanks largely to the pioneering genius of A. S. Besicovitch, a pattern of structure. ' Let a be any point of the plane, c(a, r) the circle with centre a and radius r. Then D*(a,A) and D*(a,A), the upper and lower densities of A defined as the upper and lower limits, as r->0, of L{Aftc(a, r)}/2r.
If D*(a,A) =D*(a,A), they give the density D(a,A).
If D (a,A )-1, then a is called a regular point of A. Any other point of A is called irregular. A set A of which almost all points are regular (irregular) is regular (irregular).
Besicovitch proves that, at almost all points of a linearly measurable set A \< D * (a ,A )< 1 and these inequalities being the best possible.
He proves further that the set of all regular points of is a regular set and the set of all irregular points is an irregular set.
A set is proved to have a tangent at almost all regular points. At almost every irregular point, the neighbouring points are dense in every sector however small.
The proofs of these theorems, and the construction of the examples required in the extreme cases are difficult.
The following theorems display the structure of sets.
Almost all points of a regular set are contained in an enumerable set of rectifiable curves.
Almost all points of an irregular set are contained in an enumerable set curves.
The projection of an irregular set of finite measure has measure zero in almost all directions.
The relevant references in the bibliography are (18, 25, 26, 33, 37, 38, 47, 50, 52, 118).
Abram Samoilovitch Besicovitch
K akeya's problem
In 1917, the Japanese S. Kakeya proposed the problem of finding the figure of smallest area within which a segment of length 1 can be rotated through 360°. A plausible conjecture, suggested by rotating a pencil lying on a table, is a three-cusped hypocycloid having area 7t/8 . The paradoxical truth is that a figure of arbitrarily small area will serve.
Besicovitcli saw that Kakeya's problem could be solved by a modification of the construction which he had devised in (5) .
The construction is complicated and the figures which emerge as the answer to the problem are multiply-connected and unbounded. Shortly after the publication of (17) simplifications were effected by Perron and by Schoenberg.
In 1958 the Mathematical Association of America made the experiment of constructing motion films illustrating mathematical processes which lent themselves to this form of illustration. The Kakeya construction was eminently suitable, accompanied by the exposition of Besicovitch in his inimitable style. The Kakeya film has been widely seen, and any reader of this notice who ever has the chance to see it should not let it slip.
Recently the problem has attracted renewed attention by F. Cunningham (Cu 1) and others, revealing that (surprisingly) a Kakeya set can be found which is simply connected and is contained in a circle of radius 1.
H ausdorff measure
In 1918 Hausdorff'extended Caratheodory's theory of linear, plane, . . . measure to sets having a finite measure of non-integral order. As a simple illustration, Cantor's ternary set, which has Lebesgue measure zero has a dimensional number £= log 2/log 3 in the sense that, if k0<k, the set has infinite k0 dimensional measure, and if it has zero kx dimensional measure.
In (30, 31-and also 126 for improvements of 31) Besicovitch extended his study of density properties of sets of finite linear Caratheodory measure to sets of finite Hausdorff ^-measure lying on a line. To define density of A at a point *, let h, s) be the ^-measure of the part of Then the upper and lower right-hand densities at x are the upper and lower limits, as h tends to TO, of n/h*. There is found to be a striking structural contrast between sets of finite Lebesgue measure and sets with fractional dimension. In fact,
At almost all points of a fractional dimensional set the one-sided upper densities are 1 and the lower densities 0.
In the second part of (31), the ^-derivatives of a fu n c tio n / (where ?< 1) are defined as the upper and lower limits of Af/hs where A f= f(x+ h ) -f(x ). The difference in the structure of s sets for ?<1 and for is reflected in the following theorem about ^-derivatives.
U ^' f a function can have a non-zero s-derivative only in a set of s-measure zero. Besicovitch goes on to define an ^-integral and, with a new notion of measure-.? derivative', proves that the measure-? derivative of the indefinite ^-integral o f /is equal t o / except at a set of ^-measure zero.
The papers (39, 41, 42, 43, 49) contain an investigation of the dimen sionality of exceptional sets which present themselves in simple problems of analysis. The result of (41) has already been stated in the first section of this notice.
Another good illustration of this range of questions is contained in (49). It is proved that if/satisfies a Lipschitz condition of order 8 |/ ( * + A ) -/(*)|<C4|A|», then the dimensional num ber d of the curvey = f (*) satisfies the inequalities l < i < 2 -8
These inequalities are easily proved, but the construction of examples to show that they are the best possible is more difficult.
Surface area
At some time during 1942 (I think) Besicovitch asked me 'Will you lend me book of Saks for some tim e?' I complied. As I gathered later, he was embarking on a study of area of parametric surfaces
Saks (
Theory of the i n t e g r a l , 1937) had given an account of th surface Z-f { x , y ), according to Lebesgue's concept of area as the lower limit of approximating polyhedra. This account, making use of Tonelli's definitions of bounded variation and absolute continuity, satisfied all requirements, such as semi-continuity.
Besicovitch set himself the natural problem of proving the equality of the Lebesgue-Frechet area of a surface [A) and its Caratheorody-Hausdorff two-dimensional measure. As he was to write in (75), 'I came to results very different from ones I was hoping for'.
He constructed (62) an example of a topological disk (or a topological sphere) having arbitrarily small Lebesgue-Frechet area but, nevertheless, the Lebesgue 3-dimensional measure could be an assigned positive number. He summed up the implications of this discovery by saying that the LebesgueFrechet area, though it had held the field for thirty years, has these defects ( a) it cannot be fitted into any scale of measures, (b) it has no property of additivity-a similar construction would yield a surface of arbitrarily small area including all points of a unit square, (e) it cannot be extended to surfaces defined as point-sets. He concluded that the only satisfactory concept of area is two-dimensional Hausdorff measure, and undertook a programme of solving anew problems such as the expression of area as an integral, Plateau's problem and large parts of the calculus of variations. These problems are treated in the papers (68-which contains an error corrected in 86-, 71, 72, 73). Besicovitch's pupil, Reifenberg, made notable advances in the problems arising from parametric surfaces, in particular the Plateau problem. He had, just before his death at the age of 35 in a mountaineering accident, written penetrating papers on minimal surfaces. (See the list of references in his obituary notice.)
Abram Samoilovitch Besicovitch
General measure theory
Vitali stated his well-known covering principle as a property of sets in Rn having /z-dimensional Lebesgue measure. In (50) Besicovitch made the extension which he needed to /w-dimensional measure for any m^.n. Later, in (61, 64) he effected the complete extension to an arbitrary measure.
If F(X) is a non-additive function of sets X of an additive
, and F(X)=0 for any set X outside a set G, then a set T of circles covering G in the Vitali sense contains a subset of non-overlapping circles for which
F ( r ,) = F ( G ) .
This enabled him to prove final results about differentiation of one additive function with respect to another, and the differentiation of indefinite integrals.
Other papers on general measure theory are (37, 47, 55, 81, 85).
Complex variable
The papers on complex function theory include (9, 13, 23, 27, 32, 59, 120).
The theorems about integral functions in (9) are on the same lines as those of Littlewood and Wiman.
In some of the other papers the results of real function theory are used to deepen our knowledge of complex functions. Consider the problem in (32). Ei s a singl of points).
Besicovitch gave the beautiful and final extension that E can be any set of linear measure zero.
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M iscellaneous topics
After separating out, as we have in the above resume, the papers on geometry of sets and certain aspects of measure theory, there remain in the bibliography a number of papers on varied topics of real function theory, e.g. (44, 46, 51, 54, 66, 80, 83, 84, 93) . Every one of these will be found to settle questions which had baffled earlier workers.
There is a further numerous group of papers of which the heading can only be Miscellaneous though many of them involve Convexity in some way. Some of the titles are informative, others less so. We give specimens. The 'problem on a circle' announced in (101) The answer to the corresponding plane problem is four, and some number like ten or twelve might have been expected in three dimensions. Besicovitch proved that the num ber is infinite, but he had been anticipated by Tietze.
In the 1930s the number-theorists got to grips with the 'a-fjS problem'. Hardy, hearing of it from Landau visiting Cambridge, and satisfying himself that it was resistant, made the natural suggestion 'Try it on Besicovitch'. Such challenges almost always got some response even if not the complete solution. Here the response, in (42), was partial and the problem was later solved by H. B. M ann.
The problem posed in (92) is A net is made of string round a unit sphere so that the sphere cannot slip out of it. How long need the string be? The answer is that any length greater than 3n will do. This was a 'contest problem' solved by R. Schwarzenberger in an undergraduate class. The solution in (92) The bibliography, due to Dr Davies, is a revised version of one originally prepared by Dr Helen Alderson.
